
Chapter 1

Algebras

In this chapter we recall very basic facts on general algebra. We state the results without proofs (with
the exception of basic properties of derivations) the proof are identical to the similar statement for
commutative algebras.

1.1 Basics

Definition 1.1.1 An algebra A over k is a vector space over k together with a bilinear map A×A → A
denoted (x, y) 7→ xy. In symbols we have:

• x(y + z) = xy + xz and (x + y)z = xz + yz for all (x, y, z) ∈ A3,

• (ax)(by) = (ab)(xy) for all (a, b) ∈ K2 and (x, y) ∈ A2.

Remark 1.1.2 Remark that we assume neither the commutativity of the product nor its associativity.
Remark also that A has, a priori, no unit.

Proposition & Definition 1.1.3 Let A be an algebra, the vector space A together with the multi-
plication defined by (x, y) 7→ yx is again an algebra called the opposite algebra and denoted Aop.

Proposition & Definition 1.1.4 A subvector space B of A which is stable for the multiplication has
a natural structure of algebra inherited from the algebra stucture of A. Such a subvector space B is
called a subalgebra of A.

Definition 1.1.5 A subvector space I of an algebra A is called an left ideal (resp. right ideal ) if
xy ∈ I for all x ∈ A and y ∈ I (resp. for all x ∈ I and y ∈ A).

A left and right ideal is called a two-sided ideal.

Proposition 1.1.6 For I a two-sided ideal of an algebra A, the quotient has a natural structure of
algebra defined by x · y = xy where x is the class of an element x of A in the quotient A/I.

Definition 1.1.7 For I a two-sided ideal of an algebra A, the algebra A/I is called the quotient
algebra of A by I.

Definition 1.1.8 Let f be a linear map between two algebras A and B. The map f is called a
morphism of algebra if we have the equality f(xy) = f(x)f(y) for all (x, y) ∈ A2.

Example 1.1.9 The morphism A → A/I from an algebra A to the quotient algebra is a morphism
of algebras.
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1.2 Derivations

As derivations are less classical objects, we shall give proofs of their basic properties.

Definition 1.2.1 An endomorphism D of an algebra A is called a derivation of A if the equality
D(xy) = xD(y) + D(x)y holds for all (x, y) ∈ A2.

Proposition 1.2.2 The kernel of a derivation of A is a subalgebra of A.

Proof. Let x and y be in the kernel, we need to prove that xy is again in the kernel. This follows from
the definition of a derivation. �

Proposition 1.2.3 Let D1 and D2 be two derivation of an algebra A, then the commutator [D1,D2] =
D1D2 − D2D1 is again a derivation of A.

Proof. Let us compute [D1,D2](xy) using the fact that D1 and D2 are derivations:

[D1,D2](xy) = D1(xD2(y) + D2(x)y) − D2(xD1(y) + D1(x)y)
= xD1D2(y) + D1(x)D2(y) + D1D2(x)y + D2(x)D1(y))

−(xD2D1(y) + D2(x)D1(y) + D2D1(x)y + D1(x)D2(y))
= [D1,D2](x)y + x[D1,D2](y)

and the result follows. �

1.3 Product of algebras

Proposition & Definition 1.3.1 Let A and B be two algebras over k and consider the map A×B →

A × B defined by ((x, y), (x′, y′)) 7→ (xx′, yy′). This defines a structure of algebra over k on A × B
called the product algebra of A and B.

Proposition 1.3.2 The algebras A and B are supplementary two-sided ideals in A × B.

Proposition 1.3.3 Let C be an algebra such that A and B are supplementary two sided ideals in C,
then C is isomorphic to the product algebra A × B.

1.4 Restriction and extension of the scalars

Let k0 be a subfield of k and k1 be an extension of k. By restriction of the scalar, we may consider
any algebra A over k as an algebra over k0.

Proposition & Definition 1.4.1 Let A be an algebra over k, the vector A seen as a vector space over
k0 and with its multiplication over k is an algebra over k0 called the algebra obtained by restriction
of the scalars from k to k0.

Proposition & Definition 1.4.2 Let A be an algebra over k, the algebra structure over k1 on A⊗kk1

defined by (x⊗ a)(y ⊗ b) = xy ⊗ ab is called the algebra obtained by extension of the scalar from k to
k1.


