
Chapter 16

Groups

In this chapter we give some unproved information on the classification of complex Lie groups corre-
sponding to the semisimple Lie algebras.

Definition 16.0.11 (ı) A complex Lie group G is a complex variety with a group structure such that
the maps µ : G×G → G defined by µ(g, g′) = gg′ and i : G → G defined by i(g) = g−1 are holomorphic.

(ıı) A complex Lie subgroup of a complex Lie group is a subgroup H of G such that the inclusion
map H → G is a morphism.

Example 16.0.12 Consider the groups G = (C∗)2 and H = C∗. Define a map φ : H → G by
φ(z) = (z, zα) for α 6∈ 2πQ. Then φ is a morphism and bijective onto its image. However the image
of φ is not closed (it is dense in G) therefore φ is not homeomorphic to its image.

We denote by g the tangent space of G at the unit element e ∈ G. Let us define for g ∈ G the map
Intg : G → G by Intg(g

′) = gg′g−1. This map is a group morphism and its differential at e is denoted
Ad(g) : deIntg : g → g. It is an automorphism of g, we therefore have a natural map

Ad : G → GL(g)

The differential at e of this map is the map

ad : g → gl(g).

Proposition* 16.0.13 Define the map [ , ] : g × g → g by [x, y] = ad (x)(y). This defines a Lie
algebra structure on g. The Lie algebra g is called the Lie algebra of the group G.

Theorem* 16.0.14 Let G be a complex Lie group, there is a bijection between the set of complex Lie
subgroups φ : H → G of G and the set of Lie subalgebras h of g, the map being defined by taking for
h the image by deφ of the Lie algebra of the subgroup H.

Remark 16.0.15 Not every Lie subgroup of G is a closed subgroup. Therefore not every subalgebra
of g is the Lie subalgebra of a closed subgroup. For example, for the group G = (C∗)2, then the Lie
algebra of G is g = C2 and if Cei are the Lie subalgebras of the subgroups given by the two factors
of the products G = (C∗)2, then the only one dimensional subalgebras in g that come from closed
subgroups of G are the subalgebras ae1 + be2 with (a, b) ∈ Z2.

Definition 16.0.16 A complex Lie group is called semisimple if its Lie algebra g is semisimple.
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Definition 16.0.17 Let G be a complex semisimple Lie group and let h be a Cartan subalgebra of g

the Lie algebra of G. Then the complex Lie subgroup H of G corresponding to h is called a Cartan
subgroup of G. The conjuguates of H are called the Cartan subgroups of G.

Theorem* 16.0.18 (ı) The group H is a closed subgroup of G.

(ıı) The group H is isomorphic to a product (C∗)n.

Corollary* 16.0.19 The group H is a closed subgroup of the group GLn(C) and the Lie algebra h a
subalgebra of gln(C).

Proof. Take the diagonal matrices. �

Definition 16.0.20 Define the exponential map exp : h → H by taking the restriction of the expo-
nential gln(C) → GLn(C) on matrices.

Let R be the root system in h∨ and let R∨ be the dual root system which lives in h. Let us denote
by Q∨ and by P∨ the root lattice and weight lattice of the dual root system R∨.

Theorem* 16.0.21 The exponential map exp : h → H is surjective and its kernel Γ(G) satisfies the
inclusions:

Q
∨ ⊂ Γ(G) ⊂ P

∨.

In particular H is isomorphic to h/Γ(G) and therefore π1(H) = Γ(G).

Theorem* 16.0.22

(ı) exp defines an isomorphism from P∨/Γ(G) onto Z(G) the center of G.

(ıı) The map π1(H) → π1(G) is sujective and induces an isomorphism from Γ(G)/Q∨ onto π1(G).

(ııı) Let g be a semisimple Lie algebra and Γ be a subgroup of h such that Q∨ ⊂ Γ ⊂ P∨. Then there
is a unique, up to unique isomorphism complex Lie group G with Lie algebra g and with Γ(G) = Γ.

Definition 16.0.23 Let g be a semisimpe Lie algebra.

(ı) There is a unique simple complex Lie group with Lie algebra g. This group is called the adjoint
group associated to g. We have π1(G) = P∨/Q∨.

(ıı) There is a unique simply connected complex Lie group with Lie algebra g. This group is called
the semisimple group associated to g. We have Z(G) = P∨/Q∨.

Remark 16.0.24 (ı) The map Ad : G → GL(g) is a representation of any complex Lie group in its
Lie algebra called the adjoint representation. . If G is a complex semisimple Lie group associated to
a semisimple Lie algebra g, then the adjoint group associated to g is Ad(G) the image of G in the
adjoint representation.

(ıı) If G is a complex semisimple Lie group associated to a semisimple Lie algebra g, then the
simply connected group associated to g is the universal covering G̃ of G.

Remark 16.0.25 This proves that the fundamental group of G is always abelian.

Example 16.0.26 If g is the Lie algebra sl2, then we easily compute the equality

P
∨/Q∨ = Z/2Z.



129

There are therefore exacly two semisimple Lie groups whose Lie algebra is sl2, the adjoint group and
the simply connected group. The adjoint group is PGL2(C) = PSL2(C) i.e. the quotient of GL2(C)
by homotheties. The simply connected group is SL2(C). There is a natural 2 to 1 Galois cover

SL2(C) → PSL2(C)

given by dividing by the center of SL2(C).

Proposition* 16.0.27 The group P∨/Q∨ is described in the following array for the simple Lie alge-
bras:

Type P∨/Q∨

An Z/(n + 1)Z
Bn Z/2Z

Cn Z/2Z

Dn, n odd Z/4Z

Dn, n even Z/2Z × Z/2Z

E6 Z/2Z

E7 Z/2Z

E8 0
F4 0
G2 0

.


