
Chapter 6

Semisimple and nilpotent elements

In this chapter, all vector spaces are finite dimensional and we assume that k is a perfect field (for
example chark = 0).

6.1 Semisimple endomorphisms

Recall the basic definition.

Definition 6.1.1 We call semisimple any endomorphism which is diagonalisable in an extension of
the base field k. Equivalently, the minimal polynomial is separable.

Lemma 6.1.2 If x ∈ End(V ) is semismple and if x(W ) ⊂ W for W a subspace of V , then x|W ∈
End(W ) is semisimple.

Proof. Let Px be the minimal polynomial of x. We may compute Px(x|W )(w) = Px(x)(w) = 0
therefore Px kills x|W and the minimal polynomial Px|W of x|W divides Px. As Px is separable, so is
Px|W . �

Lemma 6.1.3 Any two commuting semisimple endomorphisms x and y of V can be simultaneously
diagonalised in an extension of k. In particular their sum is again diagonalisable in that extension, in
other words x + y is semisimple.

Proof. We may assume that k is algebraically closed and that x and y are diagonalisable. Now let
V = ⊕Vλ(x) be the eigenspaces decomposition for x where λ is the eigenvalue. Then for v ∈ Vλ(x),
we have x(y(v)) = y(x(v)) = y(λ(v)) = λy(v) therefore Vλ(x) is stabilised by y and by the previous
lemma y|Vλ(x) is diagonalisable. The result follows. �

6.2 Semisimple and nilpotent decomposition

Theorem 6.2.1 Assume that k is perfect (for example chark = 0). Let V be a finite dimensional
vector space over k and let x ∈ End(V ).

(ı) There exists a unique decomposition x = xs + xn in End(V ) such that xs is semisimple, xn is
nilpotent and xs and xn commute.

(ıı) There exists polynomial P and Q in k[T ] such that xs = P (x) and xn = Q(x). In particular
xs and xn commute with any endomorphism commuting with x.

(ııı) If U ⊂ W ⊂ V are subspaces such that x(W ) ⊂ U , then xs and xn also map W in U .
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Proof. We start to prove the result when k contains all the roots of the characteristic polynomial χx

of x. Let us write

χx(T ) =

n∏

i=1

(T − λi)
ai

where the λi are pairwise distinct. The space V λi(x) = ker((x − λiIdV )ai) is invariant under x and
we have V = ⊕V λi(x). Let P be a polynomial such that P ≡ λi (mod (T − λi)

ai) for all i and
P ≡ 0 (mod T ). This is possible by the Chinese Remainder Theorem and because the (T − λi)

ai are
coprime (if λi = 0 for some i, then the last condition is satisfied).

Now put xs = P (x), then the restriction of xs to V λi(x) is simply the multiplication by ai therefore
xs is semisimple on V . Now put Q(T ) = T −P (T ) and xn = Q(x). But the only eigenvalues of x and
xs on V λi(x) is λi therefore xn has only 0 as eigenvalue and xn is nilpotent.

Let us prove that the decomposition is unique. Let x = s + n be another decomposition. Write
s − xs = xn − n. All these endomorphism commute, therefore s − xs is semisimple and xn − n is
nilpotent. Thus both vanish.

We now need to prove the general case. To simplify notation, we will consider matrices instead of
endomorphisms therefore, we fix a basis for V and denote by X the matrix of x in that basis.

Let K be the field of decomposition for χX the characteristic polynomial of X. We consider the
matrix X as a matrix with coefficients in K. By what we already proved, we know that there exists
polynomials P and Q in K[T ] such that X = P (X)+Q(X) with P (X) semisimple and Q(X) nilpotent.
We may replace P and Q by their rest in the Euclidian division by PX minimal polynomial of X.In
particular P and Q have degree smaller than the degree of PX .

Now let σ be an automorphism of K leaving k fixed. For any matrix M = (mi,j) we may define
the matrix Mσ = (σ(mi,j)). We may also define, for R(T ) =

∑
aiT

i, the element Rσ(T ) =
∑

σ(ai)T
i.

We have
(P (X))σ = P σ(Xσ), (Q(X))σ = Qσ(Xσ) and Xσ = P σ(Xσ) + Qσ(Xσ).

But X has coefficients in k therefore Xσ = X and we get X = P σ(X) + Qσ(X). But because
P (X) (resp. (QX)) is semisimple (resp. nilpotent), the same is true for (P (X))σ (resp. (Q(X))σ).
Indeed, it is clear for the nilpotent case. If (ei) is a basis of VK and (λi) are scalars in K such that
P (X)(ei) = λiei, then we have (P (X))σ(σ(ei)) = σ(P (X)(ei)) = σ(λiei) = σ(λi)σ(ei) and (σ(ei)) is
an eigenbasis for (P (X))σ . By unicity, we have P σ(X) = P (X) and Qσ(X) = Q(X). By minimality
of the degree, we get P = P σ and Q = Qσ. Now because the field is perfect, the extension K/k is a
Galois extension and P and Q have to be in k[T ].

This proves (ı) and (ıı), for (ııı) we only need to remark that P and Q can be choosen without
constant terms. This was the case for k containing the roots of PX . In the general case, if X is
invertible then PX has non zero constant term therefore, because PX(X) = 0, we have that Id is a
polynomial in X without constant term and the result follows. If X is not invertible, then ker X is
non trivial and Q(X) stabilises ker(X). But Q(X) is nilpotent therefore there exists v ∈ ker(X) such
that Q(X)(v) = 0. Write Q(T ) =

∑
aiT

i, we have Q(X)(v) =
∑

aiX
i(v) = a0 because v ∈ ker X.

Therefore a0 = 0 and the result follows. �

Definition 6.2.2 The elements xs (resp. xn) is called the semisimple part of x ∈ End(V ) (resp.
nilpotent part The decomposition x = xs + xn is called the Jordan-Chevalley decomposition.

Lemma 6.2.3 Let x ∈ End(V ) and denote by ad : End(V ) → gl(End(V )) the adjoint representation
of End(V ) defined by ad x(y) = xy − yx. Then we have the formulas:

ad (xs) = (ad x)s and ad (xn) = (ad x)n.
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Proof. We have x = xs + xn therefore ad x = ad xs + ad xn. Furthermore, because [xs, xn] = 0, we
get [ad xs, adxn] = 0. We are left to prove, by unicity that adxs is semisimple and adxn is nilpotent.
Lemma 5.2.2 gives that ad xn is nilpotent.

To prove that ad xs is semisimple, we may assume that k is algebraically closed. Choose a basis
(ei) where xs is diagonalisable with xs(ei) = λi. Then if (Ei,j) is the canonical basis for dimV ×dimV
matrices, we have ad xs(Ei,j) = (λi − λj)Ei,j and ad xs is also semisimple. �


