
Exercice sheet 7

Introduction to Lie algebras

Nicolas Perrin

This exercise sheet should be hand in during the lecture on Friday 27.11.2009 and will be
corrected on Friday 04.12.2009.

Exercice 1 [3 points] Assume that chark 6= 2 and let V be of dimension 2. Let (e1, e2) be a basis for
V and denote by X, Y and H the elements of sl(V ) defined by X(e1) = 0, X(e2) = e1, Y (e1) = e2,
Y (e2) = 0 and H(e1) = e1, H(e2) = −e2.

We know that if z ∈ sl(V ) is nilpotent then ad z is also nilpotent. In particular exp(ad z) is well
defined. Define the element

σ = exp(ad X) exp(−ad Y ) exp(ad X).

Prove the equalities σ(X) = −Y , σ(Y ) = −X and σ(H) = −H. What is the order of σ?.

Exercice 2 [4 points] Consider the dimension 3 Lie algebra g defined over R in the basis (x, y, z) by
the relations [x, y] = z, [x, z] = −y and [y, z] = 0

(ı) Prove that g is solvable.
(ıı) Prove that there is no decreasing sequence of ideals of dimensions 3, 2, 1, 0.

Exercice 3 [3 points] Prove that in the only non commutative two dimensional Lie algebra g, there
is a decreasing sequence of ideals of dimensions 2, 1, 0. In particular g is solvable. Prove that it is not
nilpotent.

Exercice 4 [4 points] Let chark be arbitrary. Prove that if κg is non degenerate, then g is semisimple.
For which values of chark is sl(V ) semisimple for V a finite dimensional vector space over k.

Exercice 5 [2 points] Prove that the simple ideals of a semisimple Lie algebra are characteristic
ideals.

Exercice 6 [4 points] Let g be a Lie algebra and construct a sequence (ai) of ideals in g by setting
a0 = 0 and taking for ai+1/ai a maximal commutative ideal in g/ai.

Let p be the smallest integer such that an = ap for n ≥ p, prove that we have r(g) = ap.
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