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“extended’ generalized geometry on M"

THel1aT

inner product (X + A4+ & X + X+ &) = ixé+ N2

SO(n + 1,n)-structure(— type By
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e so(n+1,n) =AN2T+T+EndT + T*+ N2T*

e AcT* Bec N°T*

e X +A+€6—= X+ (N FixA) + (6 —20A —iyxAA)

e X+ A+é— X+ A+E+iyB



ACTION ON VECTORS

so(n+1,n) =AN2T+ T+ EndT + T* + N2T*

A€ T* Be NT*

X4+ A+Em X4+ (A +ixA) 4 (E—2)0A —ixAA)

X+A+€ X+ A+E+ixB

(A,B).(A',B) = (A+ A, B+ B —24A A A




SPINORS

exterior algebra A*T*

m(p) = (~1)%9%

Clifford multiplication (X + X4+ €)- o =ixo+Aro+ A

expB(p) =e B Ao

exp A(p) = e Ao =9p— ANTp



AUTOMORPHISMS

generalized diffeomorphisms GDiff(M) = Diff (M) x Q1!
Qo ={(A,B) € Q' x Q2 : dA=dB = 0}

(A, B).(A",BY=(A+ A", B+ B — 241 A

2 2+1 1
O—>Qd—>§2d —>ch—>0

central extension



generalized vector field u =X 4+ X+ ¢

us X —d\ — d¢ € goiff(M)

Lie derivative on T4+ 1 4+ T* = Dorfman “bracket”

Lie derivative on spinors d(u - ¢) + u - dp



e skew-symmetrize action on T'+ 147, get a Courant bracket
L [’U,, f’U] — f[u,’U] + (Xf)’U _ (u,’u)df

o [[u,v],w]+...= %d(([u,fu],w) +...)

Z Chen, M Stienon and P Xu, On regular Courant algebroids,
arXiv: 0909.0319



WHAT’S NEW?



e TWISTING AND COHOMOLOGY

e G5 -STRUCTURES

e METRICS, CONNECTIONS AND CURVATURE



TWISTING



D,, generalized geometry, T+ T*
identify T + T*|; with T+ T*|y, over UNV
X+E&= X+ E+ixByy

Byy 1-cocycle in 2



e D, generalized geometry, T4+ T™*

o identify T 4 T |y with T'4 T*|y, over UNV

X+E&= X+ E+ixByy

e Byy 1l-cocycle in Q2

e Courant algebroid 0 - T* — FE —-T — 0



B, generalized geometry, T+ 14+ T*

. . . . 241
identify with (Ayy, Byy) 1-cocycle in Q27
Courant algebroid 0O - T* - F —- L — 0

O—1—-L—-T—0



B, generalized geometry, T+ 14+ T*

. . . . 241
identify with (Ayy, Byy) 1-cocycle in Q27
Courant algebroid 0O - T* - F —- L — 0

O—1—-L—-T—0

L Lie algebroid (like TP/U(1) for P a U(1)-bundle over M)



o [(Ayy, Byy)l € HY(M, Q)
¢ 0 Q2 — le"'l — Q1L — 0 sheaves

o HI(M,9Q2) - HY (M, Q2tY) - HI(M, QL) & H2(M,Q2)
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o [(Ayy, Byy)l € HY(M, Q)
¢ 0 Q2 — le"'l — Q1L — 0 sheaves

o HI(M,9Q2) - HY (M, Q2tY) - HI(M, QL) & H2(M,Q2)

| | |
H3(M,R) H?(M,R) H*(M,R)

o 6(x) = z2

e FEQ? F2=—dH



o N*T*|, N*T*|y,, identify with exp(—Ayy T + Byy)

e Spinor bundle S, differential d



o N*T*|, N*T*|y,, identify with exp(—Ayy T + Byy)

e Spinor bundle S, differential d

e Or... split extension, and get

e d+Fr+ H:Q* - QF

(d+Fr4+ H)2=0



WHAT IS THIS COHOMOLOGY?



Suppose F' = curvature of a U(1)-connection

connection form 6y on U, F = dOy

_1
Ov — 0y = grr-d9uv

on U transform by A-field 6 on U



d+ Fr+ H— d+ Hy

HU:H—F@U/\d@U

dH + F?=0=dH; =0

twisted cohomology on U



e d+Fr+ Hw—d+ Hy

e Hy=H+ 0y NdOy

e dH+F2=0=dHy =0
e twisted cohomology on U

o identify on UNV by A-field g;i-dgyv



o Hy — Hy = gy idguy A doy
e gy :UNV — S1

e Generalization of twisted K-theory?



LDS
O
ANIF

G5 M



G5 C SO(4,3)
stabilizer of a non-null spinor
p € NT, p=po+ p1+p2+p3

{(psp) = pop3 —p1 A p2#0



e G5 C SO(4,3)
e stabilizer of a non-null spinor
e pENT*, p=po+p1+p2+p3

e (p,p) =pop3 —p1Ap2#0

e G3 manifold: M3 + closed form p with (p,p) # O




EXAMPLES

p =14 p3, p3 volume form.

po=0=p1 Ap27#0

non-vanishing closed 1-form p; = M?3 fibres over a circle.

p: M — S |p1 —Xp*df| <€, A€Q



QUESTIONS

o IF p,p)) ARE COHOMOLOGOUS AND SUFFICIENTLY CLOSE,
ARE THEY EQUIVALENT UNDER A GENERALIZED DIF-
FEOMORPHISM?

¢ WHICH COHOMOLOGY CLASSES CONTAIN G3 STRUC-
TURES?
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e po # 0, use A= p1/po, B= p2/po

e transform to pg + (p3 — p1 A p2/p0)

e = p equivalent to pg(1 4+ vol)



e po # 0, use A= p1/po, B= p2/po

e transform to pg + (p3 — p1 A p2/p0)

e = p equivalent to pg(1 4+ vol)

e po = 0: which classes in H1(M3,R) are represented by non-
vanishing 1-forms?

e Answer: cone on faces of the unit ball in the Thurston norm.



METRICS AND CONNECTIONS



METRICS

e generalized metric: reduction of SO(n + 1,n) structure of
T+14T* (or £) to S(O(n+ 1) x O(n))

e & rank n subbundle V C E on which induced metric is neg-
ative definite.

e = V- positive definite



METRICS

generalized metric: reduction of SO(n 4+ 1,n) structure of
T+14T* (or £) to S(O(n+ 1) x O(n))

< rank n subbundle V C E on which induced metric is neg-
ative definite.

= V<L positive definite

egd. V={X—-gXeT+1+T},VL={X4+X\+gX}

in general, transform by (A, B): metric g + A-field + B-field



CONNECTIONS

e generalized connectionon W=D . W - EQW

e D(fs)=fDs+df ®s (df e T*C E)

e — ordinary connection -+ section of £E Q End W



CONNECTIONS

e generalized connectionon W=D . W - EQW

e D(fs)=fDs+df ®s (df e T*C E)

e — ordinary connection -+ section of £E Q End W

e uc FE,Dys = (Ds,u) €¢ W

e frame bundle, principal bundle...



TORSION
e generalized connection D : E —- E QR E
e torsion for affine connection V: VxY — Vy X — [X, Y]
e Courant bracket [u, fv] = flu,v] + (X f)v — (u,v)df
o T(u,v,w) = (Dyv— Dyu— [u,v],w) + %(Dwu,v) — %(Dwv, u)

e if D preserves (,), T € N\3E



o T* Y T* @ T* & N27*

e torsion for affine connection = poV —d



T X 7% o T T N27*

torsion for affine connection = poV —d

spinors S, D:S— FEX®S

“Dirac” operator: S 2> E®S C'—h;r S

torsion = Cliffo D — d



PROBLEM:

FIND A TORSION-FREE GENERALIZED CONNECTION WHICH
PRESERVES THE GENERALIZED METRIC



PROBLEM:

FIND A TORSION-FREE GENERALIZED CONNECTION WHICH
PRESERVES THE GENERALIZED METRIC

° E=V€BVL
e VETVI=1pT

e take Levi-Civita V and trivial connection on 1 and add on
terms so that Cliffo D = d

A Coimbra, C Strickland-Constable and D Waldram, Supergrav-
ity as generalized geometry I. Type II theories, arXiv: 1107.1733



e V. ={X"=X-gX} )V ={XT=X+4+g9X},Vh=1

e add terms in A°V_® (V_ + Vo + V) and

/\Q(VO + V_|_) (Vo + Vo + V_|_)

e SO that Cliffo D =d+ Fr+ H



1 _
o dp=gXiAVie= (X"~ X7) Vip

1 _ _ _
o HAp=Hy(X[ = X7) (X = X7) - (G = Xp) e

1 _ _
. F/\Tgongij(Xi—l_—Xi ) (XF—X7) Xo- ¢



)
V@ (Vo + Vo + Vi
N2V

[

A8 ' ) k
-

——t X - X .
- X, e
6 T k
(H A ) 1

- . Xg -
)y~ 0 = lFin,L- - X
-8
o (FATp



e N2V_@ (Vo 4+ Vo + V)




CURVATURE

D’LLD'U - D’UD’U, - D[u,v]?

Courant bracket [u, fv] = flu,v] + (X f)v — (u,v)df

OK if (u,v) =0

Curvature e ENdEQV @ V-+



RICCI CONTRACTIONS
e (ENdV@EndVH)evevt

e ENdVRVEVis VeVt
EndVi@VeVies VeVt



RICCI CONTRACTIONS
e (ENdV@EndVH)evevt

e ENdVRVEVis VeVt
EndVi@VeVies VeVt

e generalized metric V C E
e tangent vector € Hom(V, V1)

e define generalized Ricci flow



RICCI CURVATURES
e ENdV VeVt VeVt

e VRVLIETR(14+T)=Sym2T* + A2T* + T*

1 .
2 . k
Sym<T*: R,y — ZHiijZZ



RICCI CURVATURES

e ENdVigVveovimsveve

1 . .
2 : k
Sym<T* : R,y — ZHiijg — F;;FIt

. 1 :
T : VZFZ] —I- EF]%HJ]%




RICCI CURVATURES

e ENdVigVvevlisvevt

1 . .
2 : k
Sym<T* : R,y — ZHZ-ijg — F;;FIt

. 1 :
T : VZFZ] —|— EF]%HJM

heterotic supergravity + U(1) gauge field



