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Bosonic string theory – that is string theory with Riemann surfaces
– resolves the ultraviolet problems of ordinary quantum field
theory, but it has unavoidable infrared problems associated to
tachyons and also to “tadpoles” of massless particles.
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There is another step which is more modest than the passage from
Feynman graphs to Riemann surfaces, but in its own way is also
quite remarkable. This is the generalization from Riemann surfaces
to super Riemann surfaces, leading to superstring theory and
spacetime supersymmetry, and providing a framework to resolve
the infrared questions.
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Riemann surfaces are certainly very familiar to string theorists, and
since complex manifolds of higher dimension are also important in
string theory, to some extent string theorists have become
algebraic geometers. But super Riemann surfaces have not become
so well known, even among string theorists, and the subject has
not been so well developed. Partly in consequence, although the
key ideas of superstring perturbation theory were well established
in the 1980’s, some nagging details were never settled.
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One reason that super Riemann surfaces are not that well known,
even among physicists who actually use superstring perturbation
theory, is that in low orders, it is possible in a reasonably simple
way to eliminate the “super” structure and express everything in
terms of ordinary Riemann surfaces. This is usually done in
practice, following ideas introduced by Friedan, Martinec, and
Shenker in 1985. However, if one tries to base a general, all genus
approach to superstring perturbation theory on reducing everything
to ordinary Riemann surfaces, then things soon become highly
unintuitive and untransparent.

The natural way to develop superstring perturbation theory is in
terms of super Riemann surface theory.

The natural way to develop superstring perturbation theory is in
terms of super Riemann surface theory. There has been
surprisingly little work along these lines, though a celebrated genus
2 calculation by E. D’Hoker and D. H. Phong used this framework,
and an approach to a general story was made in a series of
remarkable but little-known papers in the 1990’s by A. Belopolsky.
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A super Riemann surface (with N = 1 SUSY) is a supermanifold of
dimension 1|1, but it has much more structure than that (see
Rosly, A. Schwarz, and Voronov (1988) for what I will say and
much more). There are far too many 1|1 supermanifolds. Just like
for ordinary complex manifolds, any generic equation will define a
1|1 supermanifold. For example, in CP2|1 with homogeneous
coordinates x, y , z|θ, we could define a 1|1 supermanifold by
imposing more or less any equation, such as
x 4 + y 4 + z 4 + αxyzθ = 0
where α is an odd parameter. But it is unlikely that that
supermanifold can be given the structure of a super Riemann
surface.
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One way to define a super Riemann surface is that it is a 1|1
supermanifold Σ endowed with an “everywhere nonintegrable
distribution of rank 0|1.” This is an odd (or fermionic) line
sub-bundle D ⊂ T Σ (where T Σ is the tangent bundle of Σ, whose
rank is 1|1) such that if D is a local nonzero section of D, then
D 2 = {D, D}/2 is everywhere linearly independent of D and
therefore generates the quotient T Σ/D. In other words, there is
an exact sequence
0 → D → T Σ → D2 → 0.
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If so it is always possible to pick local coordinates z, θ such that D
has a section
∂
∂
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∂z
Such coordinates are called superconformal coordinates. The
superconformal generators (i.e., the vector fields that preserve D)
are then locally of the form f (z)(∂θ − θ∂z ) and
−(f (z)(∂θ − θ∂z ))2 = g
which are familiar formulas.

∂
g0 ∂
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On a 1|1 supermanifold, what one needs to project to infinity here
is a divisor, of complex codimension 1|0, not a point, of complex
codimension 1|1. So on a 1|1 supermanifold, one could not expect
an operator-state correspondence of the usual form for operators
supported at a point. However, on a super Riemann surface, it
does work, since on a super Riemann surface any point p does
determine a divisor Ep , namely the divisor containing p whose
tangent space coincides with the fiber of D at p. Giving the
tangent space to a divisor Ep at a point p would not completely fix
Ep in ordinary algebraic geometry, but it works here because we are
discussing a very little divisor, of dimension 0|1.
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Another way to say it is that the divisor Ep is defined by the ideal
of functions that obey
f (p) = Df (p) = 0
for any section D of D. This ideal is principal, so it defines a
divisor. For instance, in local coordinates z|θ, if p is the point
z = θ = 0, then the ideal in question is generated by z; note that
Dθ 6= 0 at p. Concretely, what I have told you is that on a super
Riemann surface, the point z = θ = 0 canonically determines the
divisor z = 0. The divisor Ep , not just the point p, is projected to
infinity when we make the operator-state correspondence for an
operator that is supported at a point on a super Riemann surface
Σ.

Accordingly, on a super Riemann surface, a point can sometimes
behave like a divisor, just as on an ordinary Riemann surface and
unlike the case of a generic 1|1 supermanifold.
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In fact, in superstring theory, there are two kinds of vertex
operator. A Neveu-Schwarz vertex operator is a field Φ(z, θ) that
is inserted at a point z, θ ∈ Σ and thus what I have said applies
directly to such vertex operators. But a Ramond vertex operator
lives at a singularity in the superconformal structure. Here we still
endow Σ with a subbundle D ⊂ T Σ, but now a generating section
D of D has the property that D 2 vanishes on a divisor in Σ; a
Ramond vertex operator is inserted at such a divisor. The local
structure is
∂
∂
D=
+ zθ
∂θ
∂z
so D 2 = z∂/∂z and vanishes on the divisor z = 0.

Friedan, Martinec, and Shenker in 1985 explained what kind of
vertex operators are inserted at such superconformal singularities –
they are often called spin fields – and how to compute their
operator product expansions.

Friedan, Martinec, and Shenker in 1985 explained what kind of
vertex operators are inserted at such superconformal singularities –
they are often called spin fields – and how to compute their
operator product expansions. In particular, the operators that
generate spacetime supersymmetry are of this kind, so their work
made it possible to see spacetime supersymmetry in a covariant
way in superstring theory.

Thus Ramond vertex operators are directly associated to divisors –
though this is not usually stated – while NS vertex operators can
be associated to divisors via the map from points to divisors on a
super Riemann surface.

To understand superstring perturbation theory requires a little
more sophistication with supermanifolds and integration over them
than one needs for typical problems in supersymmetry and
supergravity.

To understand superstring perturbation theory requires a little
more sophistication with supermanifolds and integration over them
than one needs for typical problems in supersymmetry and
supergravity. That is probably the main reason for any unclarity
that surrounds it.
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Some low order cases are deceptively simple and really don’t give a
good idea of a general algorithm for superstring perturbation
theory. For example, in genus g = 1, the dilaton tadpole vanishes
in R10 by summing over spin structures, but the fact that this
makes sense depends upon the fact that in g = 1 (with no
punctures) there are no fermionic moduli. As soon as there are odd
moduli, there is no meaningful notion of two super Riemann
surfaces being the same but with different spin structures. In
particular, in genus g > 1, there is no meaningful operation of
summing over spin structures without integrating over
supermoduli. In genus g = 2, D’Hoker and Phong found an
effective and very beautiful way to integrate over fermionic moduli
first (after which the sum over spin structures makes sense and
could be used to show the vanishing of the dilaton tadpole) and
then integrate over bosonic moduli. This calculation is currently
the gold standard, but actually for generic g their procedure has no
analog and the only natural operation is the combined integral over
all bosonic and fermionic moduli. (A precise statement along these
lines is the topic of the next lecture by Donagi.)
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Instead of talking more about what doesn’t work in general, let us
discuss what does work. First of all, there is a natural measure on
fg ,n . This was constructed in
supermoduli space, which I will call M
the 1980’s via conformal field theory (in varied approaches by
Moore, Nelson, and Polchinski; E. & H. Verlinde; and D’Hoker and
Phong) by adapting the analogous formulas for the bosonic string.
Also, though less well known, there is for the important case of
strings in R10 a slightly abstract but very elegant – and completely
rigorous mathematically – construction of the measure by Rosly,
Schwarz and Voronov (1988) via algebraic geometry.

Another key point is that integration of a smooth measure on a
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ordinary manifold.

Another key point is that integration of a smooth measure on a
compact supermanifold is a well-defined operation just as on an
ordinary manifold. I will say a little more about that later.

Supermoduli space is not compact – or if we take its
Deligne-Mumford compactification, then the measure we want to
integrate has singularities – because the infrared singularities that
are crucial to the physical interpretation of string theory arise from
the behavior of the measure at infinity

Although supermoduli space is very subtle, if one asks precisely the
questions whose answers one needs, those particular questions tend
to have simple answers.
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For example, the description of the moduli space near a node or
double point is nearly as simple as for a bosonic Riemann surface.
In the bosonic case, the gluing of a surface with local parameter x
to one with local parameter y is by
xy = q.
For the super case, we have to decide whether the string state
propagating through the double point is in the NS or Ramond
sector. But either way, there is a formula almost as simple as the
bosonic one.
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parameters x, θ to y , ψ is by
xy = ε2 , y θ = εψ, xψ = εθ.
Importantly, the gluing depends in both cases on only one bosonic
parameter ε and no fermionic ones, just as for bosonic Riemann
fg ,n is a product of spaces of the
surfaces. The locus ε = 0 in M
fg ,n +1 × M
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just as for bosonic Riemann surfaces. This factorization is a step in
proving a physically sensible behavior of singularities associated to
on-shell string states.

For another example, although a sum over spin structures
(independent of the integration over supermoduli) does not make
sense in general, a very small piece of it makes sense when a node
develops

and this leads to the
GSO projection on the physical states that propagate through the
node.
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Actually, the GSO projection is almost a consequence of the gluing
formulas that I presented a moment ago. You may have noticed
that the classical gluing parameter q becomes ε2 for super
Riemann surfaces. For given q, there are two choices of ε, and the
sum over these two choices gives the GSO projection.
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Let me mention at least a few of the important structures in
bosonic string theory that one has to generalize to super Riemann
surfaces in order to have a good foundation for superstring
perturbation theory. If X is an observable – for example a product
X = V1 V2 . . . Vn of vertex operators – then there is an associated
differential form FX on Mg ,n . Anomalous ghost number symmetry
determines the degree of FX in terms of the ghost number of X .
(For instance, if X is a product of physical state vertex operators,
then FX is a form of top degree.)

The association X → FX is also compatible with BRST symmetry
in the sense that (with Q the BRST operator)
FQX + dFX = 0.

This is the basis of the proof of gauge-invariance. Usually one
considers a product of physical state vertex operators V1 , . . . , Vn ,
all of them annihilated by Q. One makes a gauge transformation
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Z
Z
FV1 V2 ...Vn →
(FV1 V2 ...Vn + FQW1 V2 ...Vn ) .
Mg ,n

Mg ,n

This is the basis of the proof of gauge-invariance. Usually one
considers a product of physical state vertex operators V1 , . . . , Vn ,
all of them annihilated by Q. One makes a gauge transformation
V1 → V1 + {Q, W1 }, for some W1 . This shifts the scattering
amplitude by
Z
Z
FV1 V2 ...Vn →
(FV1 V2 ...Vn + FQW1 V2 ...Vn ) .
Mg ,n

Mg ,n

The extra term that should vanish to establish gauge invariance is
thus
Z
Z
FQW1 V2 ...Vn = −
dFW1 V2 ...Vn
Mg ,n

Mg ,n

where I used the compatibility of X → FX with BRST symmetry.

This is the basis of the proof of gauge-invariance. Usually one
considers a product of physical state vertex operators V1 , . . . , Vn ,
all of them annihilated by Q. One makes a gauge transformation
V1 → V1 + {Q, W1 }, for some W1 . This shifts the scattering
amplitude by
Z
Z
FV1 V2 ...Vn →
(FV1 V2 ...Vn + FQW1 V2 ...Vn ) .
Mg ,n

Mg ,n

The extra term that should vanish to establish gauge invariance is
thus
Z
Z
FQW1 V2 ...Vn = −
dFW1 V2 ...Vn
Mg ,n

Mg ,n

where I used the compatibility of X → FX with BRST symmetry.
Finally we have Stokes’s theorem
Z
Z
dFW1 V2 ...Vn = −
FW1 V2 ...Vn .
Mg ,n

∂Mg ,n

Thus gauge-invariance finally depends only on the behavior of the
form FW1 V2 ...Vn in the infrared region, that is at infinity in Mg ,n .

So this is the package that one needs to carry over to super
Riemann surfaces in order to have a proper foundation for
superstring perturbation theory. One needs an association
X → FX of observables to forms on moduli space, which maps
ghost number to degree and maps the BRST operator Q to the
exterior derivative d. And one needs Stokes’s theorem so that one
can integrate by parts.

So this is the package that one needs to carry over to super
Riemann surfaces in order to have a proper foundation for
superstring perturbation theory. One needs an association
X → FX of observables to forms on moduli space, which maps
ghost number to degree and maps the BRST operator Q to the
exterior derivative d. And one needs Stokes’s theorem so that one
can integrate by parts. It turns out that when one works out what
these things mean in supergeometry, one meets another structure,
picture number, which was part of the framework of Friedan,
Martinec, and Shenker (and then was interpreted more
geometrically by E. and H. Verlinde and then by Belopolsky).

Once one has this package (along with the foundational results of
the 1980’s such as the construction of the fermion vertex operator)
one has a good framework to understand spacetime
supersymmetry, which is really a special case of gauge-invariance.

Once one has this package (along with the foundational results of
the 1980’s such as the construction of the fermion vertex operator)
one has a good framework to understand spacetime
supersymmetry, which is really a special case of gauge-invariance.
And spacetime supersymmetry – along with generalities of the
Deligne-Mumford compactification – gives a good tool to clarify
the unresolved details about the infrared behavior of superstring
perturbation theory.
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It is not really possible to explain everything in one lecture, so
perhaps I will focus on explaining the notion of forms on a
supermanifold, picture number, and Stokes’s theorem. Suppose
that M is a bosonic manifold with local coordinates x 1 , . . . , x n .
We let ΠTM be the cotangent bundle with “parity” (or statistics)
reversed on the fibers, so local coordinates on ΠTM are x 1 , . . . , x n
and corresponding fermionic variables that we will call
dx 1 , . . . , dx n .
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If f (x|dx) is homogeneous of degree k in the dx’s, it is usually
called a k-form.

One can think of integration of forms as the Berezin integral on
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One can think of integration of forms as the Berezin integral on
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So for example if
f (x, dx) = · · · + dx 1 dx 2 . . . dx n f(n) (x 1 , . . . , x n ),
where I have only written the n-form part of f , then the Berezin
integral over the dx i picks out the n-form part of f and as a result
the integral in this sense
Z
D(x, dx) f (x, dx)
ΠTM

is the integral of the differential form f(n) in the usual way. As
notation, we write
Z
Z
D(x, dx) f (x, dx).
f (x, dx) =
M

ΠTM

On ΠTM, there is a vector field of degree 1
d=

n
X

dx i

i=1

∂
∂x i

and Stokes’s theorem says that
Z
Z
dg =
M

∂M

g.
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supermanifold M = R0|n with odd coordinates θ1 . . . θm . So now
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different classes of functions on ΠTM. For an ordinary manifold
M, the fiber coordinates dx i were fermionic variables, so any
function on ΠTM was a polynomial along the fibers. We did not
have to choose a class of functions.

However, there is a key difference from the bosonic case: there are
different classes of functions on ΠTM. For an ordinary manifold
M, the fiber coordinates dx i were fermionic variables, so any
function on ΠTM was a polynomial along the fibers. We did not
have to choose a class of functions. For M = R0,n , the fiber
coordinates are even and there definitely are different classes of
functions on ΠTM.
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polynomials in the dθ’s. These functions are called differential
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cannot be integrated, because obviously, with dθ being an ordinary
even variable, an integral
Z
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By contrast, we can integrate forms that have distributional
support at dθ = 0. Let us consider the case of just one θ and dθ.
By distributional support I mean a form that is proportional to
δ(dθ) or a derivative of this of finite order:
g (θ, dθ) = g−1 (θ)δ(dθ) + g−2 (θ)δ 0 (dθ) + g−3 (θ)δ (2) (dθ) + . . . .
We call such a g (θ, dθ) an integral form (delta function support
along M ⊂ ΠTM). The subscripts I have chosen label the
“degree” of an integral form, where by degree I mean the scaling
under dθ → λdθ. Note that for integral forms there is a form of
top degree (namely degree −1 in the case of a single odd variable,
since the function δ(dθ) has degree −1), but no form of bottom
degree (δ (n) (dθ) has degree −1 − n for any n).

Integral forms can be integrated
Z
Z
g (θ, dθ) = D(θ, dθ)g (θ, dθ).
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Integral forms can be integrated
Z
Z
g (θ, dθ) = D(θ, dθ)g (θ, dθ).
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Concretely the integral over dθ picks out the top form g−1 and so
Z
Z
g (θ, dθ) = D(θ) g−1 (θ)
M

where the last integral is a Berezin integral.
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For the case of a purely fermionic supermanifold R0|n , Stokes’s
theorem says that for any integral form g ,
Z
dg = 0.
M

For instance, if
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For instance, if
g (θ, dθ) = g−1 (θ)δ(dθ) + g−2 (θ)δ 0 (dθ) + g−3 (θ)δ (2) (dθ) + . . . ,
then

∂
g−2 (θ)δ(dθ) + . . .
∂θ
where I use d = dθ∂θ , and dθδ 0 (dθ) = −δ(dθ), so
Z
Z
∂
dg = − D(θ) g−2 (θ) = 0.
∂θ
M
dg = −

The general supermanifold version of Stokes’s theorem is more or
less a combination of this with the ordinary bosonic Stokes’s
theorem.
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dθ’s) and integral forms (delta function dependence on all dθ’s.
More generally, one considers other classes of forms that are closed
under various natural operations (such as scaling of dθ,
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I have described differential forms (polynomial dependence on all
dθ’s) and integral forms (delta function dependence on all dθ’s.
More generally, one considers other classes of forms that are closed
under various natural operations (such as scaling of dθ,
multiplication by dθ, and differentiation ∂/∂(dθ)). A form is said
to have picture number −k if it has delta function localization with
respect to k dθ’s. (The sign comes from the convention used by
Friedan, Martinec, and Shenker.) In general, if one wants to be
able to integrate a form over a submanifold of M of dimension p|q,
it should have degree p − q and picture number −q.

Obviously we can’t go into a full explanation today, but it turns
out that superstring perturbation theory is nicely compatible with
this formalism and this gives a natural framework to understand
gauge-invariance, spacetime supersymmetry, and tadpole
cancellation.
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The traditional alternative is to look for a map from M
Mg ,n (a map that is the identity when restricted to
fg ,n ) and try to formulate everything in terms of
Mg ,n ⊂ M
measures on Mg ,n . If there is a holomorphic map of this kind, it is
called a splitting of supermoduli space. Practical calculations have
been based on the existence of such splittings at low orders. (This
is not always made explicit.) When there is a holomorphic
splitting, it can be used to push down the possibly natural formulas
fg ,n to formulas on Mg ,n that still at least have reasonable
on M
properties of holomorphy. This can be especially useful if Mg ,n is
well-understood, which tends to be so for small g .
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The point of the next talk by Donagi will be to show that such a
splitting does not exist in general. I feel that it was reasonable to
expect this result for a variety of reasons. The existence of a
splitting is not necessary for superstring perturbation theory to
work, and I believe that the experience with super Riemann
surfaces is that they have only those simplifying features that are
needed for superstring perturbation theory. If one looks carefully at
the splittings that do exist in low genus, one finds that they behave
badly at infinity; this is actually the worst they could do in low
genus (where the uncompactified moduli spaces are affine and
hence inevitably split) and suggests that as soon as possible, the
moduli spaces will be nonsplit. Finally, even when a splitting exists,
it does not make spacetime supersymmetry visible, suggesting that
one should be looking for a different approach.

